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+ Siu-Wing Cheng (#(##4%) (Hong Kong University of Science and Technology, China)
Constant Factor Approximation of the Fréchet Distance
+ Erik Demaine (Massachusetts Institute of Technology (MIT), USA)
Impossible Mario Levels, and Other Hard Games and Puzzles
+ Stefan Langerman (Université Libre de Bruxelles, Belgium),
Hard and Easy Problems on Periodic Graphs
* Xueliang Li (Z5%% ) (Nankai University, China),
Rainbow and properly colored subgraphs subgraphs
* Ryuhei Uehara (_LJ5f% ) (Japan Advanced Institute of Science and Technology (JAIST),
Japan)
Undecidable Puzzles
« Liping Yuan (5i37.*F) (Hebei Normal University, China)

On J-convexity and related problems

Committees

Conference Co-chairs

e Jin Akiyama (#ali{=) , Tokyo University of Science
e Chao Yang_(#%#8) , Guangdong University of Foreign Studies
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Abstract

A reversible transformation (reversibility) is defined as a generalization of the hinged-
transformation between a square and an equilateral triangle, as introduced in the famous
Haberdasher’s puzzle by Henry E. Dudeney. In this paper, necessary and sufficient
conditions for reversibility and other results of folding regular polygons are used to show
that no hinged reversible dissection between pairs of different regular polygons is possible
other than the Dudeney pair of an equilateral triangle and a square. We also show, as a
corollary, that there is no hinged reversible dissection between the Dudeney pair having at
most three pieces.

§1. Introduction

In the beginning of the twentieth century, Henry E. Dudeney proposed the following
problem:

Haberdasher’s Puzzle Dissect an equilateral triangle P into pieces and rearrange them to
form a square Q.

In his book [8], Dudeney presented the solution to his problem, and added an interesting
commentary: “If the hinged chain of four pieces are rotated clockwise then the chain
collapses into an equilateral triangle; and if they are rotated counterclockwise, then a square
is formed (Figure1l-1)". The Dudeney pair, in this case, is the pair of an equilateral triangle
and a square.

A hinged chain of pieces

A square

An equilateral triangle P

(vs)

Figure 1-1: The solution of Haberdasher’s puzzle
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In the Haberdasher’s Puzzle, by moving the chain of hinged pieces (starting from the
bottom piece) in clockwise direction, the red perimeter segments of the square can be glued
together to form an equilateral triangle. Similarly, moving the hinged pieces in
counterclockwise direction and then gluing the blue perimeter segments of the triangle
forms a square. That is, the chain of hinged pieces enables a hinge-transformation between
an equilateral P triangle and a square Q. We call such a hinge-transformation a reversible
transformation between P and Q or we say P Is reversible to Q and vice versa. Such a pair of
P and Q is called a reversible pair ([3, 4, 5]).

The necessary and sufficient condition for reversible pairs of two plane figures was
obtained in [1] (see Theorem 2-1 in the next section). By using this theorem and results on
folding a square (by O'Rourke [2, 7]) and other regular polygons [4, 5, 6, 7], we briefly and
clearly prove the following propositions in this paper:

1. There is no reversible dissection between the Dudeney pair having at most three pieces.
2. Except for Dudeney pair, there exists no reversible pair between regular polygons.

§2. Known Results

In this paper, a polyhedron means both a polyhedron and a dihedron for the sake of
simplicity. Two plane figures P and Q are called two non-crossing nets if both P and Q are
nets of some polyhedron W which are obtained by dissecting along the dissection trees Tp
and T,, respectively, where Tp and T, are non-crossing spanning trees drawn on the
surface of a common polyhedron W.

Theorem 2-1 (Mother Polyhedron [1, 3])

Two plane figures P and Q have a reversible hinged dissection into n pieces if and only
if P and Q are two non-crossing nets of a common polyhedron with n vertices (it is called
mother polyhedron ). Furthermore, its hinged points coincide with n — 1 distinct vertices
of the mother polyhedron.
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Example 1

W:
. N
two faces of W two other faces of W
with red dissection lines with blue dissection lines

Cut W along the red lines, Cut W along the blue lines,
1 and then unfold it to obtain P. l and then unfold it to obtain Q.

Figure 2-1: Mother polyhedron W for the Dudeney pair P and Q

Figure 2-1 illustrates the mother polyhedron W for an equilateral triangle and a square in
the Haberdasher’s puzzle, where W is an isotetrahedron (a tetrahedron with four congruent
faces) and the red and blue dissection trees are on different sides (i. e., two different faces)
of W.
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Example 2 (Frog and Ostrich)

Figure 2-2: A reversible pair P and Q whose mother polyhedron
is a cuboid W with 8 vertices

Remarks

The order of hinged points (i.e,, vertices of a mother polyhedron) in the piece-chain and
how these pieces are connected are uniquely determined by a separating cycle which divides
a blue dissection tree P and a red dissection tree of Q (see [1, 3]).

Given results on which kinds of polyhedra each of two plane figures P and Q is folded into,
we can check if P and Q are reversible pairs or not.
In the succeeding theorems, these kinds of polyhedra are determined when all regular
polygons are folded into.
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Theorem 2-2 [2, 7] These are the only convex polyhedra and dihedra that can be unfolded
into a square (see Figure 2-3).

Convex pentagonal-dihedron *a-b=e
(a)

Convex hexahedron
(b) * * d
(2b =)d

(d)

- Tetrahedron

l Tetrahedron

(f)

(c)

/

(e)

Tetrahedron Isotetrahed
1 sotetrahedron
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ADO-octahedron
A
. g Y
. ra ' LN AS
~, - i ! Y
., 2 [ AT \
> - i
M \ 4 )

Rectangular-dihedron C iahad
: : onvex pentahedron
(i) (3) p
" A
e
i ) “.
L L) Y
) ‘I \\
M 1 1)
* \ ‘\
U o
R
(k)
— I Square-dihedron
I"' \‘\\
\\\ "f‘

Figure 2-3
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Theorem 2-3 [4]
These are the only convex polvhedra and dihedra that can be unfolded into an equilateral
triangle (see Figure 2-4).

(a) A (b) -1 A I
Rectangular dihedron Pentagonal dihedron
M M N M " M N=C
— c = G
D E
B=™ D 1 E C H=A=B=C B D H c o H=A=B
| () | . |
Pentagonal dihedron A Half equilateral trlangulag dihedron
M=B N=C
- =
F G
H=A
B H C B.C H
A
(d) 7
a /A \'a
c ™, v Isotetrahedron
‘4
(e) A
h Tetrahedron,
not isotetrahedron
N N
P=B=C F=G
M
(f) Square pyramid (pentahedron)
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Convex hexahedron
H

Convex hexahedron

Figure 2-4

Theorem 2-4 [5, 7]
These are the only convex polyhedra and dihedra that can be unfolded into a regular
pentagon (see Figure 2-5).

(a A quadrilateral dihedron (b)

o i

A convex enneahedron

A tetrahedron

Vg

-ﬂﬁ Vg

V3 =Vs =1y

Figure 2-5
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Theorem 2-5 [6, 7]
These are the only convex polyhedra and dihedra that can be unfolded into a regular
hexagon (see Figure 2-6).

An equilateral dihedron (b) A, A rectangular dihedron
/N a._
“\ bl "'l‘ .Id
b —> =
“-‘ b \ ’ d
- e
(d) .
A trahezoidal dihedron a__ A house-pentagonal dihedron

=

A tetrahedron

WV

-

v

Figure 2-6
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Theorem 2-6 [6, 7]
A regular n-gon, n = 7, can be folded into three combinatorially distinct classes of convex

polyhedra as follows:

(a) If n is odd, ie. n=2k+1 for some positive integer k, then the polyvhedra are
(2k + 4) -hedrons (Figure 2-7(a); the case is n = 7), (2k + 5) —hedrons (Figure 2-7(b);
the case is n = 7) and flat folded (k + 2)-gons (Figure 2-7(b); the caseis n = 7).

(b) If n is even, ie. n=2k for some positive integer k then the polvhedra are
(2k + 4) —hedrons (Figure 2-7(d); the case is n = 8), flat folded (k + 2) — gons (Figure
2-7(e); the case is n = 8) and flat folded (k + 1) -gons (Figure 2-7(f); the caseis n = 8),

(e) a o Aconvex (k+2)-dihedron
b b
C C—y —
d d
e e
Figure 2-7
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§3. Main Results

Theorem 3-1
There is no hinged reversible dissection between the Dudeney pair having at most three
pieces.

Proof

According to Theorem 2-1, there must exist a mother polyhedron with 3 vertices of an
equilateral triangle P and square Q if P and Q have a reversible hinged dissection using only
3 pieces of P (or Q).

On the other hand, all possible convex mother polyhedra of a square and an equilateral
triangle have already been determined (see Figure 2-3 and 2-4, respectively).
Among them, the only isosceles right triangular dihedron (Fig. 2-3-g) and half equilateral
triangular dihedron (Fig. 2-4-c) have 3 vertices. However these two dihedra are not identical.
Therefore, no hinged reversible dissection exists between the Dudeney pair with at most 3
vertices. B

Theorem 3-2
Except for the Dudeney pair, there exists no reversible pair between regular polygons.

Proof
From Theorem 2-1, if a pair of different regular polygons P and Q is reversible, both P and
Q must be folded into a common polyhedron (i.e,, their mother polyhedron). From the
results of Theorems 2-2, 2-3, 2-4, 2-5 and 2-6, the possible mother polyhedra for reversible
pairs between regular polygons are as follows:
a. Rectangular dihedra: (a-1) An equilateral triangle, (a-2) A square, (a-3) A regular
hexagon
b. Pentagonal dihedra: (b-1) A square, (b-2, 3) An equilateral triangle, (b-4) A regular
hexagon, (b-5) A regular heptagon, (b-6) A regular octagon
¢. Hexagonal dihedra: (c-1) A regular octagon, (c-2) A regular nonagon
d.Isotetrahedra: (d-1, 2) A square (Figure 2-3(e), (f)), (d-3) An equilateral triangle (Figure
2-4(d)) (Figures are omitted here)
e. Tetrahedra (not Isotetrahedra): (e-1, 2) A square, (e-3) An equilateral triangle, (e-4) A
regular pentagon, (e-5, 6) A regular hexagon
f. Pentahedra: (f-1) A square, (f-2) An equilateral triangle
g. Hexahedra: (g-1, 2) An equilateral triangle, (g-3) A square, (g-4) A regular pentagon
h. Octahedra: (h-1) A square, (h-2) A regular pentagon
i. Decahedra: (i-1) A regular hexagon, (i-2) A regular heptagon
j. Dodecahedra: (j-1) A regular octagon, (j-2) A regular nonagon

More specifically, there exists only one istoterahedron (as shown in Figure 2-1) into which
both an equilateral triangle and a square are folded [3].

For the other possibilities, except for the isotetrahedron for the Dudeney pair, it is shown
that there exists neither polyhedron nor dihedron into which any pair of two different
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regular polygons are folded by checking ratios of all their side-lengths or all sums S(v;); i =
1,2,-:-,n of the face angles converging at each of their vertices, where n is the number of
vertices of the polygon (see Figure 3-1). m

a-1 a-2
A .
2
M N 2 i
2 TV
l_:
1D 4 E1 © H=A=B=C
b-1

b-3 A
M=B N=C
A A 12[]0
(7 A
G F G
¥ .
B ™ c H=A 120

b-5

c-1
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v, vy

v, A tetrahedron

//" Uy — v,

v
vy 1

Uy A tetrahedron
e-2 _

2
1 1Vs V3 V2
\

vs vy

Tetrahedron,
e-3 vy not isotetrahedron

e-4

A tetrahedron
Vs

L

e-6 A tetrahedron

S(vy) = 270°
S(v,) = 90°

S(vy) = 180°
S(v,) = 180°

S(vy) =90°

S(v,) = 180°
S(vy) = 270°
S(v,) = 180°

S(v,) = 60°

S(v,) = 180°
S(vs) = 180°
S(v,) = 300°

S(v,) = 324°
S(v,) = 108°
S(v,) = 180°
S(v,) = 108°

S(v,) = 180°
S(v,) = 240°
S(vy) = 120°
S(v,) = 180°

S(v,) = 120°
S(v,) = 240°
S(vy) = 180°
S(v,) = 180°
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-1 Convex pentahedron
]
Vs ) S(v,) = 300°
2 S(v,) = 240°
S(vy) = 180°
S(v,) = 180°
S(vs) = 180°
vy
f-2 .
Square pyramid (pentahedron)
S(v,) = 180°
S(v,) = 180°
S(vs) = 270°
S(v,) = 180°
S(vs) = 2700
g-1
S(v,) = 180°
S(v,) = 240°
S(v,) = 180°
S(v,) = 180°
S(vg) = 300°
82 S(v,) = 240°
S(v,) = 240°
S(v,) = 180°
S(v,) = 240°
S(vs) = 180°
g-3
S(v,) = 180°
S(v,) = 270°
S(v4) = 270°
S(v,) = 180°
S(vs) = 180°
g-4
S(vy) = 324°
S(v,) = 180°
S(v,) = 180°
S(v,) = 216°
S(vy) = 180°
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h-1 ADO-octahedron

VoD ":v-a,:wa: vz S(v,) = 180°
c ",.':,' z.', 3 b ggvzg — g;go
o ! '."; \ . vy) = a
d \‘1‘74 .':,"' { /‘, Vs — S(v,}) = 270°
Nbelro | S(vs) = 180°
e S(vg) = 270°
h-2 S(v,) = 180°
: S(v,) = 288°
S(v,) = 288°
S(v,) = 288°
S(vs) = 288°
S(ve) = 288°
S(v,) = 180°
i-1 S(v,) = 180°
S(v,) = 300°
S(v,) = 300°
S(v,) = 300°
S(vs) = 300°
S(v,) = 300°
S(v,) = 300°
S(vg) = 180°
i-2 S(v,) = 180°
S(v,) = 180° x 12/7
S(v3) =180° x12/7
S(v.,) =180° x12/7
S(ve) = 180° x 12/7
S(ve) = 180° x 12/7
S(v,) = 180° x 12/7
S(vg) = 180° x 12/7
S(vy) = 180°
]'1 vash i ivs
B A convex dodecahedron S(v,) = 180°
”s P s S(v,) = 315°
. P Nf S(vy) = 315°
. S(v,) = 315°
aly, i o S(vg) = 315°
Nps i S(ve) = 315°
B i - S(v,) = 315°
Yeaa b S(vg) = 315°

S(vy) = 315°
S(I.?m) = 180°
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Figure 3-1
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(RIKDWER] ¢ 12351 A7 i8)
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ERE, JHE-ILEb>aA>T74Fa2L—>3 > THhb,
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1.1 k+1E=J)Lb>aAYT7«q4Fal—>ay

FHEIE—NVPravIaFar—YarRliolHilniEk +1 ®T—)ILb>OYT1
FaL—>3Y UF, k+1-Me. F3) 2z, Thbb, #1HIC kL HEOKKEDE
MECHEXATVWEL T2, 22D IEOREEMZ 2, ZD&512H 3 EMRRIC
Bl KEEMAZUEL, REDONF VAR EDTDIYDD k AOKAEDELGITHEHT 2
P HEVEANT VAR L CER FOREDFET 2 Z BB TE S, 25, 209D
DEkEDOIEL Z0EH 2 B EZ D I RAHRIIREZMA L Z N TERVESS
 (®1D, THANEENLTEBNTH S, ORI LT, —BRFEOETHHLRIT
olze ARTIE. R CHHTE LD o2 KOZAZADNME L BRASHEPICFET
5Z it BEITHIOEHOIHEL T,

center of Aq,..., Ax
% o—e—--- - -—— ® o
Ay By A Y Ak B
center 0fA1 ,...,Ak ,81 ,...,B;

1: k + [ Moulton configuration

Aifa L FRRICEL S 2 ERT 5. FIDICEZONLRED—D0V D% Ay, Ay, --- A T
R T2 HEDICLTHREAL T2, — /1 B LMA 2 KIK% By, By, --- , By TRL.
TOREEBLT B, oy TNCNDOREDNEE ¢, .q,,, " €4, Qs 2Ty 5T,
TOHEEE m, my, e omy s my sy, omy, TRUS BIZE g, EFVE EIZ
B RT PV (g, 0y 0 0s,) BRT BEEICEL T, #iTq, <q,, < - <aq,
HED LB (g, K2WTHHEL). EEADL (FA) OHBRIZENHIEDHETS 5205,
HKEBOOHERIIYNBIEFREEoOWIThh e T 5, £l HBEIKIGCTE+ 1K
2 A% BOXEOFFIEISHELES 2IkR> T, TOMERPHRE ¢1,¢2,- » Gkt
My, Moy M ERTZEDDH B, ZhoZlioT, b+ I1-Mc DEREZLATFICIERS,

E&E 1 (k +[-Moulton configuration). k+[-M.c. £i&, E—Lbrar74Fal— 3
YERT kROES AT L TH I ROEE BEZMAL 2, LIFO&RMA TS
DZEVD,

1) a=(q.q2 qetr) Em = (my,ma,- M) BE=NV YAV T 4 Fab—
SavThHD, ZOLED (q,,m,) HHEE B EMRBREELL,

(ii) 3RE ADHEIVRE BEMABATLHRE TRIZEDLLR,
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FE 1 E—Abraryrz4¥al—3a O, ROELE FOMEEITHRE 24,
XoT, Lo (ii) &, REROELL AFEEIES BEMZ BRI HBE TELB RV
L ERE®T 5,

1.2 k+1-E=J)b>raAvI7q4Fal—>a>0iHER

ZOMETIE. UFOLBERZ T (q,, m,) BFETI0EIDEERT 2%, Z0)
Bz,

Hi'm, + Ho'm, + \q, =0, (1)

Hs'm, = 0. (2)
H;, Hy, H; ZWIFNBITHITH 5, H XTI, Ho X 11Tk Hy X k1T1572, H,y
FEMFMTHIC, Hy ¥ Hald, Hy = —"Hy Y WHBRTH 2, 2FWEELT -1 2017
5 HFOTE RS, ZOHBRER, APFIE2EKTHE0, Hidk+IADKXEX 5D
LELHTHRBLTVS, (1) RIZIADOXDBRED, (2) Tk k AOADFEENT VS,

FDRT. (q,, m,) DBFET LI ZRELTI>k+1 DL E, BORED RO
EH 1 27283, m, OZFROOEBEhBIEALRE ZE, flEHoTRLRE,

ZH 1 kAL TEZ L+ 1 OXMETIBOIEOERD TEEIE T %,

ZITIRIADERER o/ BOILERG 1 Zilil- T XD KRB L &, I q,
DENB Z L& Bk 2o TR 32, 2331 =k + 20K, [ KDZRZHONE
DI EL 2L FOMH 1 2o TRT,

Bl #WHIz3k A= {Al,AQ,Ag} DEZ 5N TWT, FZII5EB = {Bl,Bg,B’,Bg,B4}
EROEIICUHRZZEZFET 5.
By, Ay, By, B, Ay, B3, A3, By.

DL ENERT bl q 2 EEARZ FLmiZERER,

(91,42, 43,04, 05,46 7, 48) = (U, Uay Uy Dpyr Qay i+ Gng» U, )

(mq,mo, m3, my, M5, Mg, M7, Msg) ::(fnﬁl,anI,TRBQ,TRB,,ﬂlﬂz,ﬂlug,ﬂlﬂg,ﬂlu4)

SYIEHEHLESE % 3 5 L 2oEEOE X %, BRHOBEATRLEDO
"Moulton, F. R.: The Straight Line Solutions of the Problem of N Bodies. Annals of Mathematics
2(12), 1-17 (1910), Albouy, A., Moeckel, R.: The Inverse Problem For Collinear Central Configurations,

Celestial Mechanics and Dynamical Astronomy 77, 77-91 (2000) % £
SHERADFHICOVWTIE. 43D 2023 EfEHE BT
SEMMTIIL 3, H=—"H THIFIZEHTIENS
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712K (1), (2) Z Z0HEICAIL TEM#ICEHL &,

( 0 hiz  hua b s () (3312 his Tt ) /Q]\
—hiz 0 hss  hse  hss | | ms —h2s  hzs  har | (m2 a3
—his —hay O hae hag | | ma | + | =hos has har | |ms | +A @ | =
—hie —hge —has 0 hes | | me —h2e —hsg her | \mz a6
“his —hgs —hss —hes 0 ) \mg) \—hos —hss hrs) \as/

(m1)

—hi2  hoz  hos  hog  hog ms 0
—his —h3zs —hss  hse  hss myg | =10
—hiz —h3ar —har —her hi me 0

Ao

TTZThijlid(g—q) 22RLTWE, TROAEREZML &,

mp Py Pro
1 mg
me | =~p Py Py ( ) (3)
Ty
ms P Pso
7277 L.
—hi2  has  hos hoz  hog  hog hot  hog  hag

P = —h15 h5ﬁ }L53 3 Pll = —h35 hsﬁ }L53 3 P12 = —h45 h5ﬁ ."L53 3

—hir —her  hrs —hsr  —her hrs —har  —her  hzs
—hi2  hoz  hog —hi2  has  hos
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T, (3) REm3=t,mu=t LBEBIELTHL EBEORITKATSE
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LTW3, (6) ThEE L7E% (5) AT 5 L,
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Vo ta= 012X D, f1, fa, fu, fi B oTe g DESMEENB DT, L 02 _0f
of 0qr  Oqa  Oqu
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