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Complexities of Folding

= Stefan Langerman (ULB, Belgium), Computing with Tilings

» Janos Pach (Rényi Institute, Hungary and IST, Austria), Covering the Complete
Geometric Graph with Plane Subgraphs

= Tkuro Sato (Miyagi Cancer Center, Japan), Representation theory for n-polytopes

Erik D. Demaine David Eppstein ~ Stefan Langerman Janos Pach

Conference Co-chairs
= Jin Akiyama (Tokyo University of Science, Japan)

= Akifumi Sako (Tokyo University of Science, Japan)

A Organizing Committee
Program Committee
= Shinya Fujita (Yokohama City University, Japan) = Shinya Fujita (Yokohama City University, Japan)

= Michitaka Furuya (Kitasato University, Japan) = Michitaka Furuya (Kitasato University, Japan)

= Hiro Ito (UEC, Japan; Chair) = Hiro Ito (UEC, Japan)

= Michael Lampis (University Paris Dauphine, France) = Takako Kodate (Tokyo Woman's Christian University, Japan)
= Maarten Loffler (Utrecht Univ., Netherlands) = Keiko Kotani (Tokyo University of Science, Japan)

= Jayson Lynch (MIT, USA) = Yasuko Matsui (Tokai University, Japan)

= Yasuko Matsui (Tokai University, Japan) = Atsuki Nagao (Ochanomizu University, Japan)

= Chie Nara (Meiji University, Japan) = Natsumi Oyamaguchi (Tokyo University of Science, Japan)

= Hirotaka Ono (Nagoya University, Japan) = Toshinori Sakai (Tokai University, Japan; Chair)
= Kenta Ozeki (Yokohama Natl. University, Japan) = John Yoshi Takenovic (University of Guam, USA)
= |rene Parada (UPC BarcelonaTech, Spain) Xuehou Tan (Tokai University, Japan) ’
= Xu u i University,

= Toshinori Sakai (Tokai University, Japan) ty-Jap

= Ryuhei Uehara JAIST, Japan) = Shin-ichi Tokunaga (Tokyo Medical and Dental University, Japan)

= Yushi Uno (Osaka Met. University, Japan) = Yushi Uno (Osaka Metropolitan University, Japan)
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1997: Start-up as a Workshop 1997: Start-up as a Workshop

Tokai University, Japan Tokai University, Japan

Conference Bancuet a1 Tobu Horel

FlmErn £AETHE Ao L REHTD

2001 : The First Joint Conference Overseas
Ateneo de Manila University, Philippines ) 2023

2001 FE~=7 « TT R ARFEME NT UV —#d%F L) 2023 -1 v KT - N R IRKRT:

T, ZTOF2OHME TH D, HEEICLE L 72> 7= #4% Wanida Hemakul Z{80Y, ZZii
DERFEL, A—T =TT FLAIZ TR EDO¥EELZWELE LT,

A great mathematician and colleagn

From JCDCG to JCDCGA3

Let me celebrate a passionate mathematician, a supportive professor and a
dear friend, Wanida Hemakul.

A supportive ‘mother’ to students and calle = She is always everywhere...
And a friend to everybody...
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Chapterl. Art From Tiling Patterns

Chapter2. The Tile-Maker Theorem and Its Applications to Art and Designs

Chapter3. Offshoots of the Fascinating Characteristics of M6bius Bands and Tori

Chapter4. Patchwork

Chapter5. Reversible Pairs of Figures

Chapter6. Reversibility and Foldability of Conway Tiles

Chapter7. Platonic Solids

g Kiyoko Matsunaga '%/'i.‘:’):/ ‘.“f: ‘_,‘7

Chapter8. Cross-Sections of Polyhedra

Chapter9. Symmetry of Platonic Solids I TrEkS |nt0 e

Chapter10. Double Duty Solids Intu itive

Chapter1l. Nets of Small Solids with Minimum Perimeter Lengths

Chapter12. Tessellation Polyhedra Thc;l VE Igmosag;oyhe e
Chapter13. Universal Measuring Boxes Second Edition

Chapter14. Wrapping a Box &) Springer
Chapterl5. Bees, Pomegranates and Parallelohedra

Chapter16. Reversible Polyhedra

Chapter17. Elements of Polygons and Polyhedra

Chapter18. The Pentadron
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1. Novel photochromic system using methylene blue reduction with 1-ascorbic acid,
Takahiro Suzuki, Fuka Nakamura, Kanon Ie, Masaaki Fujii, Masayuki Inoue, RSC
Advances, 14 & 53 /5, pp 39708-39714, 2024 (&HH)
2. TATNAVOEHE RARINC X S, H EIEZ SCIENCE FORUM B¢ 7 +—7
L, 443 % 10 5, pp 54-55, 2024  (EHilE
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1. Simultaneous Tests for Mean Vectors and Covariance Matrices with Three-Step
Monotone Missing Data, Remi Sakai, Ayaka Yagi, Takashi Seo, Journal of
Statistical Theory and Practice, 18(2024), 1. (& 4A)
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1. Sphericity test on variance-covariance matrices with monotone missing data for a
multi-sample problem, & £, /\K &K, WE P&, HAEFS, KK,
202449 H 6 H

2. A Bartlett-type correction of the test statistics for sub-mean vector with two-step
monotone missing data, MMy EEA, JIlE E&E, #E B, HARETS, KIRKE,
202449 H 6 H

3. WO IR EAR I P OB Y #2, WE P, SEEIE S Ky, AURER
RIS v 2782, 2024 429 H 3 H
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monotone missing data, Tamae Kawasaki, Takashi Seo, Bernoulli-IMS 11th World
Congress in Probability and Statistics 2024, Ruhr University Bochum (K- - 7R
—7 ) ,20244 8 H 14 H

5. 2-step HFAKMT — & O F CO—MACZERBREMEIZ OV, EiE #iS, /UK
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1. Forward and inverse problems for creep models in viscoelasticity, Hiromichi Itou,

Victor A. Kovtunenko, Gen Nakamura, Philosophical Transactions of the Royal
Society A, Volume 382 Issue 2277 (2024), 20230295 (##H:A)

@ F&F
1. Non-smooth variational problems and applications in mechanics (Philosophical
Transactions of the Royal Society A, Volume 382, Issue 2277), Victor A.
Kovtunenko, Hiromichi Itou, Alexander M. Khludnev, Evgeny M. Rudoy (Eds.),
The Royal Society Publishing, 2024.

@ Zof
1. BEF9t4£ < 11th International Conference "Inverse Problems: Modeling and
Simulation" (IPMS2024) [EHE7'v 2/ 7 A%KEH
2. [EREMFIEES Finland-Japan Workshop in Industrial and Applied Mathematics #i
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The Eurasian Association on Inverse Problems (EAIP) & EZESRE
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[EBMERE Mathematical Inverse Problems OfR#EZ &
[E S HERE Applications in Engineering Science DL E
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1. "Ricci Curvature of Cayley Graphs for Dihedral, Generalized Quaternion and Cyclic
Groups." Iwao Mizukai, Akifumi Sako, Geometry,Integrability and Quantization
v0128.1314-3247,51-79 (2024)

2. "Relationship between @ 4-matrix model and N body harmonic oscillator or
Calogero-Moser mode." Harald Grosse, Naoyuki Kanomata, Akifumi Sako, Raimar
Wulkenhaar. Journal of Physics: Conference Series vol.2912, 012014, 1742-6596
(2024)

3. "Lie Algebra and Quantization in Quantum World." Akifumi Sako , Lie Theory and
Its Applications in Physics. LT 2023. Springer Proceedings in Mathematics &
Statistics, vol473, 557-566(2025)

© B

1. "Relationship between Grosse-Wulkenhaar model and N-body harmonic oscillator
or Calogero model." Akifumi Sako, ESI Workshop: Exactly Solvable Models, Vienna,
ESI(University of Vienna), 2024 47 A 25 H

2. "Lie algebra as quantization in quantum world and its classical limit." Akifumi Sako,
Non Commutative Geometry & Higher Structures, Thessaloniki, Aristotle
University of Thessaloniki , 2024 49 A 20 H

3. "Scalar Phi4 theory on noncommutative spaces as a Kontsevich type matrix model
and quantum integrable systems. " Akifumi Sako, THE UNIVERSITY OF HONG
KONG, DEPARTMENT OF PHYSICS SEMINAR, Hong Kong, 2025 4 2 H 27 H
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1. On unstable twisted rational cohomology groups of the automorphism groups of free
groups, Takao Satoh, Journal of Topology and Analysis,
https://doi.org/10.1142/S1793525324500237, Pages 1-37, 2024 (& HH)

© HHEfEED
1. The Andreadakis conjecture for the McCool groups, Y& Ie, % 50 [AIZEHAR G >
VIRV L, A LRMILZ T~ F 1 NPD &4, 2024 4F 11 A 22 H.
2. The Andreadakis conjecture for the McCool groups, Y&l 7, Hyperbolic
Manifolds and Geometric Group Theory, KK RKFFEEE TR, 2024 4F 12 A
8 H.
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1. Kaseda K, Asakura K, Shintani Y, Okami J, Toyooka S, Sato Y, Watanabe SI, Chida
M, Suzuki H, Miyaoka E, Yoshino I, Date H (2024)
“Surgically resected sarcomatoid carcinoma of the lung: a nationwide retrospective
study in 2010.”
BMC Cancer. 2024 Aug 2;24(1):938. doi: 10.1186/s12885-024-1272
2. Hishida T, Okami J, Asamura H, Miyaoka E, Shintani Y, Kadokura M, Endo S,
Chida M, Suzuki H, Yoshino I, Date H(2024)
“Clinicopathological Features and Survival Outcomes of Resected Lung
Adenosquamous Carcinoma: Results From a Nationwide Japanese Registry Data.”
Clin Lung Cancer. 2024 Sep;25(6):519-528.e3. doi: 10.1016/j.cllc.2024.05.010. Epub
2024 May
3. Tane S, Okami J, Maniwa Y, Shintani Y, Ito H, Ohtsuka T, Toyooka S, Mori T,
Watanabe SI, Chida M, Endo S, Nakanishi R, Kadokura M, Suzuki H, Miyaoka E,
Yoshino I, Date H;(2024)
“Clinical outcomes of left upper segmentectomy vs. lobectomy for early non-small-

cell lung cancer: a nationwide database study in Japan.”
Surg Today. 2024 Apr 18. doi: 10.1007/s00595-024-02844-8.
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© i
1. Detecting differentially expressed genes from RNA-seq data using fuzzy clustering,
Yuki Ando, Asanao Shimokawa, International Journal of Biostatistics, 20 %:(2),
pp 407-417, 2024 (&HiH)
2. An approach based on clustering for detecting differentially expressed genes in
microarray data analysis, Yuki Ando, Asanao Shimokawa, Communications for
Statistical Applications and Methods, 31 #5(5), pp 571-584, 2024 (#:FiH)
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1. Yudai Kawasaki, Nobuyuki Yamaguchi, “Reduction method for short-circuit

capacity by unit commitment with network topology optimization,” Sustainable
Energy Grids & Networks, Vol. 38, June 2024, 101398, DOI: 10.1016/j.segan.2024.
101398 (i)

2. KR A - 100 IEZ - B8 B - TREREENE LG A WA EICRT 5
HRBIETR & TFESLHFEORO ST, EBRFRmLEE B, 144 & 7 %, DOL
10.1541/ieejpes.144.399 (2024) (&KFHA)

3. Fangyuan Xu, Shun-ichi Azuma, Koichi Kobayashi, Nobuyuki Yamaguchi, Ryo

Ariizumi, Toru Asai, “Default detection in demand response based on block-sparse
structure, 7 INTERNATIONAL JOURNAL OF ELECTRICAL POWER &
ENERGY SYSTEMS, Vol. 162, 110304, DOI: 10.1016/j.ijepes.2024.110304 (##if)

4. /NE A - LD JEZ - B8 B - KT HH TPV/HJ‘JBK@J%‘/‘*“/I/%ﬁHb\fj Eq
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@ HEE=®
1. Yuna Oishi, Shoki Okawara, Takuto Komuro, Yusuke Manabe, Nobuyuki Yamaguchi
“Analysis of Hydrogen Storage for Seasonal Leveling of Renewable Energy
Generation in Scenarios of Japan's Generation Mix,” The 2024 IEEE PES

Innovative Smart Grid Technologies - Europe (ISGT Europe), Dubrovnik, Oct.,
2024. (&EHA)
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1. Development of an onomatopoeia learning support system for congenital visually
impaired individuals using haptic devices, Toru Kano, Takako Akakura, Journal of
Information Processing, Vol.33, pp. 259-263, 2025 (& #HiH)
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COMPARATIVE ANALYSIS OF THE USE OF THE INTELLECTUAL
PROPERTY LAW LEARNING SUPPORT SYSTEM BY ENGINEERING
STUDENTS: EXAMINING FUTURE LEARNING SUPPORT SYSTEMS BY
COMPARING BEFORE, DURING, WITH, AND AFTER COVID-19, Takako
Akakura, Proceedings of 19th International Technology, Education and
Development Conference, pp.3957-3965, 2025 (EHA)

Proposal of a data Collection Method for Realizing Feedback in a Program
Tracing Exercise System, Yuichiro Tateiwa, Tomohiro Mogi, Takahito
Tomoto, Takako Akakura, Proceedings of 2024 IEEE International
Conference on Teaching, Assessment, and Learning for Engineering
(TALE2024), pp.1-7, 2024  (&#HA)

EVALUATING LEARNING SUPPORT SYSTEM BASED ON LEARNING
ATTRIBUTES IN A 4-DIMENSIONAL LEARNING STYLE MODEL,
Takako Akakura, Proceedings of 17th annual International Conference of
Education, Research and Innovation, pp.5629-5637, 2024 (& #HA)
Proposal for a 4-Dimensional Learning Style Model to Optimize Learning
Support Systems, Takako Akakura, Proceedings of 2024 IEEE 13rd Global
Conference on Consumer Electronics (GCCE), pp.665-667, 2024 (& HiH)
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Writer Verification Using Cluster Search Trees for e-Testing, Taisuke
Kawamata, Takako Akakura, Proceedings of 2024 IEEE 13rd Global
Conference on Consumer Electronics (GCCE), pp.110-111, 2024 (&#7tA)

Proposal of a Method for Generating C Program Tracing Tasks, Yuichiro

Tateiwa, Tomohiro Mogi, Takahito Tomoto, Takako Akakura, Proceedings
of IEEE Frontiers in Education 2024, 2024 (& #H)
Visualization of ESG-related Information in Integrated Report Using Text

Mining and Usefulness as Teaching Material, Mizuki Nakamura, Takako
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2024, Proceedings Part I, pp.83-94, 2024 (&t H)
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1. Kurando Baba and Osamu Ikawa, Double Satake Diagrams and Canonical Forms
in Compact Symmetric Traiads, International Electronic Journal of Geometrym 17
(2024), 466—495 (with referee)
2. Kurando BABA, ON INSTABILITY OF F-YANG-MILLS CONNECTIONS, Modern
Approaches to Differential Geometry and its Related Fields, 97-109 (with referee)

3. Kurando Baba, On instability of F-Yang-Mills connections over irreducbilbe
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manifold, Submanifold Geometry, Lie Group Action and Its Applications to
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Continuous year-round isolation of giant viruses from brackish shoreline soils.
Motohiro Akashi, Masaharu Takemura, Seiichi Suzuki. Front. Microbiol. 15,
1402690, 2024.

Complete genome sequence of Tornadovirus japonicus, a relative of Pacmanvirus,

isolated from the Tamagawa River in Japan. Daniel Waschestjuk, Kazuyoshi
Murata, Masaharu Takemura. Microbiol. Resources Announc. 13, e00265-24, 2024.

RN BT DERIE Y A NV A &M & LT B BAFE~PCR 1EIZ K 2 KBRERITAFAETS

5 TAkE”7 7 — YO, WL, RNBGE. BHE#ENE 48, 157-163, 2024.

. Subnanometer structure of medusavirus capsid during maturation using cryo-

electron microscopy. Ryoto Watanabe, Chihong Song, Masaharu Takemura,
Kazuyoshi Murata. J. Virol. 98, 0043624, 2024.

JEMBE BT D A NVABMTEOBR ERE. RNBEE. EMEE 66, 2-10, 2024.

VA NABBIZBIT D 2T Y —NVERHWARA A A T r~T 4 7 AOIEH. B
BUE, IWAKRRE. EWHE 66, 34-41, 2024.
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Ayumi Fujieda, Masaharu Takemura. J. Microbiol. Biol. Edu. 25, e00138-24, 2024.
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Glycoscience Frontier Seminar, Online, Japan, 2024.12.24.
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Abstract

A condition ensuring the invariance of the “digital” entropy of a cyclic permutation under refinement of the interval
partition is established. Also, a “canonical form” for the 0-1 matrix induced by a Markov map is introduced, which
provides a structured representation that captures and elucidates the dynamics of the map on the interval.

Keywords: “digital” entropy; eanonical form; 0-1 matrix; Markov maps; spectral radius; cyclic permutations; characteristic
polynomial.
2020 Mathematics Subject Classification: 156A21, 37E05.

1. Introduction

For any given permutation # of m+ 1 objects, we define the canonical 8-linear map Ly, also known as the “connect-the-dots™
map of §. This map Ly : I — I is defined such that L, = 8 on the discrete set 7' = {0,1,...,m} and is linear on each
subinterval [; = (¢,i + 1) fori = 0,1,..., m — 1, where I = [0,n]. Together, Ly and 7" induce a 0-1 matrix A of size m.
In [3], Fisher demonstrated that if # is a cyclic permutation of length n: + 1, then the coefficients of the characteristic
polynomial det (Al,;,, — A) of 4 must all be odd. Also, in [4], Swanson and Volkmer demonstrated that if § is a unimodal
cyclic permutation, then every coefficient of the characteristic polynomial det (Af,,, — A) of A must he either —1 or 1. Then,
in [5], the present author introduced the concept of “digital” entropy, T (), for a unimodal cyclic permutation #, defined as

where the function 1 (¢;) is given as follows:
2 if i<m-+landes = —1,
T(g)=4¢ 0 if i<m+landeg =+1,

1 if i>m+1.
Here, the coefficients =, are derived from the characteristic polynomial of A, expressed as:
det (AT, — A) = X" 4 2 0™ 4 oM 2 o g (At ane

Our primary concern is whether the “digital” entropy T (¢) of # remains invariant under any refinement S of T. This
question is addressed through an examination of the behavior of elements in 5 ~. 7" under L4. Propositions 2.1 and 2.2 of
this article suggest that 7' (#) is preserved if all elements in 5 ~. 7" converge to T under Lj; otherwise, it is not necessarily
preserved.

On the other hand, in [2], Byers and Boyarsky demonstrated that the spectral radii of two matrices, A and Z, induced
by f with 7 and by f with S, respectively, are the same. Here, f is any given piecewise-continuous Markov map with
respect to the partition point T, and 5 is any refinement of 7. The propositions presented in this article build upon and
provide further details of the work done in [2]. In the proofs of these propositions, we use V;, a matrix of change of bases,
which is given in [3]. Compared to Z, both 1, ZV, ' and PV;ZV, ' P~' offer much more insight into the dynamics of f on S,
where I’ is a proper permutation matrix. In this context, the matrix PV, Z Vl_lP* ! introduced in this article, can be seen
as a “canonical form” of the 0-1 matrix Z induced by the given Markov map f with respect to the set S.

*E-mail addresses: takenouchiy@triton.uog.edu, jytakenovich@gmail.com, jytakenovich2006@yahoo.cojp
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2. Statements of the main results

‘We begin by presenting a few definitions that are used in the rest of this article. Most of these concepts are well-established
in the literature, and we refer the reader primarily to [1,2,5] for their origins and context.

Definition 2.1. Let I = [0,m] be a closed interval, and let T = {0,1,...,m} be a set of partition points of 1. Consider
f I — I, a piecewise-continuous Markov map with respect to the partition points T'. Specifically, f satisfies the following
conditions:

(i) f is strictly monotonic and continuous on each subinterval I, = (i.i+ 1) fori=10.1,...,m —1;

(ii) The following limits exist and are elements of T':
f(Uf) = lim f(x),
o0~

F(iT) = lim f(z) and f(i7) = lim flz) fori=1,....,m—1, and

Fm™) = lim_ f(x).
i d i
Definition 2.2. Let A = |a,,] s D€ the 0-1 matrix induced by [ with T. Let S = TUU, where U = {uy, ua,...,u,} satisfies
O<uy <ug < <uy <, TNU =, and S is a partition of the interval [0, m]. Additionally, S is a refinement of T (that
is, T C S), and f with S induces a 0-1 matrix Z = [ziihm—n)x(mnr We define the length from v € U to T under f to be k,
where & € W is the smallest positive integer such that /7 (w), /1 (u),..., [*~" (w) € U and [* (v) € T.

Definition 2.3. Let J be a subinterval on which f is strictly monotonic. We denote J by J* (respectively, J~)if f is monotone
increasing (respectively, monotone decreasing). The sign of the slope of the tangent line to y = f () at (u, f (u)) is defined as
positive (respectively, negative) if u is contained in a subinterval J* (respectively, J—). In this case, we write sgn(f'(v)) = +1

(respectively, sgn(f'(u)) = —1), noting that f is not necessarily differentiable at u. We say that U = {u1, us, ..., u, } forms the

orbit of a (+)-signed n-cycle (respectively, a (—)-signed n-cycle) if U = {uq, 2z, un} = {f*(w) | s = 0} forany i =1,2, ..., 1,
and [[_;sgn(f'(u;)) = +1 (respectively, []._ sgn(['(u:)) = —1).

Now, we are ready to state the main results of this article.

Proposition 2.1. Suppose that U consists of n points uy,us, ..., u, such that the length from every u; to T under f is a
finite value k; € N, for i = 1,2,...,n. Then, the characteristic polynomial Chy (\) of Z is expressed as the product of the
characteristic polynomial Cha (A) of A and X", that is,

Chz (A) = Cha (A) N
Proposition 2.2. Suppose that U consists of the orbit of a (£)-signed n-cycle. Then,
Chz{(\)=Cha(M) (A" F1).
As a corollary of Proposition 2.1, we obtain the following result:

Corollary 2.1. Let 0 be any given unimodal cyclic permutation with length i+ 1, and let T'(0) denote the digital entropy of
. Then T (#) remains invariant under a refinement of the partition of the interval if all n newly added points are eventually

periodic points that converge to T, the orbit of the (m + 1)-cycle of type 6.

Proof. Let Cha(3) = 2" + X" 4 2ad™ 2 4o g, 1A+ 2, Then T (#) = .7 (g1) 7 (22) 7 (g3) - - -. On the other hand,
by Proposition 2.1,

Chz ()\) — Chd ()\) Al = /\m+n + glArn—H—n + Ez)\?ﬂ—2+?l 4ot Em—lxl_n . gm/\n.

Thus, T (#), as computed from Chy (1), is also .7 (g9) 7 (22) 7 (e3) -+ -. O
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3. Alemma

In [3], Fisher introduces a matrix of change of bases, defined as follows:

Definition 3.1. For any ¢ > 2, let V; be the { x { matrix with 1’s on and above the diagonal and (s below the diagonal. Then
ng is the tnverse of Vi, and it has 1’s on the diagonal, —1’s on the super-diagonal, and (s elsewhere.

It is evident that 1} satisfies the properties given in the next lemma.
Lemma 3.1, Let M be any given £ x { square matrix. Then the following statements hold.

(i) The i-th row of Vi M is the sum of the i-th row, the (i + 1)-th row, ..., and the {-th row of M, forany 1 < ¢ < £ In
particular:

(it) If the j-th column and the (j + 1)-th column of M are identical, then the j-th column and the (j + 1)-th column of
Ve M are also identical, forany 1 < j < £ — 1.

(i) The Ist column of MV, " is the Ist column of M, and the j-th column of MV,™! is the negative of the (j — 1)-th column
of M plus the j-th column of M, for any 2 < j < t. In particular:

(iv) If the (j — 1)-th column and the j-th column of M are identical, then the j-th column of MV, ! is the zero column
vector Oy, for any 2 < j < £,

Using Lemma 3.1, we proceed to prove Proposition 2.1 and Proposition 2.2 in the subsequent sections.

4. Proof of Proposition 2.1

Proof. Let / = [0,mn], 7" = {0,1,...,m}, and f : { — ! be a piecewise-continuous Markov map with respect to 7. Let
A = [ay]_..,. be the 0-1 matrix induced by f with T. Then, Cha (A) = Cha (A) A” is obviously true. We reorder the n
points wuy, ug, ..., u, in U by their distance to T, and relabel them as follows:

{ur g, . tn} = {d(m)‘ U120 e e WK ) (2,10 W(2,2) s e s Y20) - - }
where w1y, 4,2), - s i1 1,y are the k; points at distance [ from 7', for I = 1,2,.. ., and ki + k2 +- - - = 7. We then relabel the
points as follows:

UL 1) 12y e oo s WL Ry ) W20 T(2,2) 0 o o s B2 0 ) e o
becoming
P9y ey Wi s WVl 1 W 420 o e Pl R e e e e

Let P = [p;;] (me 1K) (s ) D the 0-1 matrix induced by f with T'U {v1, vz, vx}. Suppose that

Chp (A) = det (AT, — P) = Cha (A) AF (inductive hypothesis).
Let Q= [qm] (om0 (e £ 1) be the 0-1 matrix induced by f with T U {uy, v, ... vg, 41 ). Denote TU {uy w0, ... 0} 88

{awy, wy, ... W k1), Where 0 = wy < wy < -+ < Wy o1 = 1

Since w41 € (Wi, Wi, ,41) for some 0 < ipyy < m 4k, w4 divides the subinterval (uy, . w;,,,+1) into two new
subintervals (w;,,,,vs-1) and (vgy1,wy,,+1). Therefore, the addition of the (iy 1 + 1)-th row and the (i, + 2)-th row of
@) corresponds to the (i; | + 1)-th row of P.

Also, since the z-coordinates of the intersection points of the horizontal line = v).4; and the graph yy = /() are not
in T U {w1, w9, ..., vk, Ui |, the (i1 + 1)-th column and the (i), + 2)-th column of () are identical, and both correspond
to the (i, + 1)-th column of P.

Thus, by Lemma 3.1.(i) and (ii), striking out the (i;;; + 2)-th row and the (i; 1 + 2)-th column of V,, ;1@ results in a
matrix identical to V,,,; . Additionally, the (44 + 1)-th column and the (i, + 2)-th column of V,,, 1@ are identical.

Thus, by Lemma 3.1.(iii) and (iv), striking out the (ir+1 + 2)-th row and (iz4 + 2)-th column of (Vi,.p1 Q) ";;‘rkw

results in a matrix identical to (V,, . 7) ‘[/;;"k. Moreover, the (i1 + 2)-th column of (V}, ., P)V,-!, is the zero column

vector.
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Let 7;, ., be the permutation matrix of the cyclic permutation oy | ;:
1 = (g1 + 2,0p41 +3,...,m+E+1)

represented as
12 v e+l g +2 e +3 m+k m+k+1
Tep1 = .
* 2 o bl e 43 e A e mA kLl e 42

Using the cofactor expansion along the (m + k 4 1)-th column and the inductive hypothesis, we obtain
Cha (W) = det (Mgt = Powys (Viren@Vki) FiL,)

AI:m—lc - ‘/Ym-#kp"{,;\l;; 0(m+k}xl

[ e gy A (ke f 1) x (k1)

=dot (AT — Vi PV 1) A
= Chp () A
= (Cha (A) M) A
= Chy () AR
Since both the base step and the inductive step have been proven, we conclude that, for any k > 0, Chp (A) = Cha (A) M5,
where P = [p;;] is the 0-1 matrix induced by f with T'U {v1,1s,. .., m }. In particular,

(mA+k)x (k)

Chz () = Cha (X) A,

where Z = [z;] is the 0-1 matrix induced by f with S = T U {uy, ug, . . ., up} = TU{1,02,...,0,)} a

(m-—n)x(m+n)

5. Proof of Proposition 2.2
Proof. First, we relabel U = {u1, us, ..., u,} as follows:

{ug, e, ot b =, 1 )

where f (v1) = va, f (va) = v, ..., f{vn_1) = vy, and f (v,,) = v;. (For convenience, we may denote v, as v, ; if necessary).
Then, the mapping [ : [0,/m] — [0,m] with § =T'U U/ induces the matrix

4= [zii}(.wn)x(znﬂj'

Then, f (v;) = v in the graph y = f () is expressed in Z as either

100r01
n 1|’ 1 0’

at the i;-th and (i; + 1)-th rows, and the i,-th and (i; + 1)-th columns, respectively, if the slope of the graph y = f (z) at
# = vy i8 positive or negative, for some 1 < iy,i» < m+n — 1, and 4, may also be denoted as i, if necessary.
Inductively, f (vx) = vry (=2,3,...,n— 1) in the graph y = f () is expressed in Z as either

10 01
o 1% oo

at the #;-th and (i + 1)-th rows, and the i;. | ;-th and (i1 + 1)-th columns, respectively, if the slope of the graph y = f ()
at x = vy, is positive or negative, for some 1 < iy <m +n— L.

Finally, f (1,) = v; in the graph y = f () is expressed in Z as either

Lo ot
o 1" |1 oo

at the i,,-th and (4, + 1)-th rows, and the ¢,-th and (i, + 1)-th columns, respectively, if the slope of the graph y = f (x) at
& = vy, is positive or negative.
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We recall that the sign of the n-cycle is defined as the product of the signs of the slopes of the graph y = f (x) at = = v,
for k = 1,2,...,n. Notice that the x-coordinates of the intersection points of the horizontal line y = 3, and the graph
y=f(x)arenotin S =T U {v,va,...,0,}, except for the z-coordinate of the intersection point (vg, vk 1) = (v, f (vg)) for
1 < k < n. Consequently, the i; 1-th column and the (i1 + 1)-th column of 7 are identical, except at the i;-th row and the
(éx + 1)-th row. Thus, by Lemma 3.1.(i) and (ii), the i;11-th column and the (i, + 1)-th column of V},,4,,Z are identical,

except at the (i, + 1)-th rows. Notice that
1 0 0 1
o 1" 1 o

at the i,-th and (iy + 1)-th rows, and the i;1-th and (i441 + 1)-th columns in Z has been transformed into

{ 2 Pk] Cor {qz; 4k } ‘
pr—1 p ak qe—1
at the same position in V,,  ,Z, for some p; € Z' or for some g, € Z', respectively.
Thus, by Lemma 3.1.(iii) and (iv), the (i1 + 1)-th column of (V,,, 1, %) V1 is the zero column vector except at the

mln
(ir. + 1)-th row. Notice that
Pr Pr Cor | Gk )
pe—1 pp|’ e qr—1

at the ix-th and (i + 1)-th rows, and the iz, ,-th and (i;.) + 1)-th columns in V,,, ., Z has been transformed into +1, or —1,
at the (ix + 1,4z, 1 + 1)-th entry of (Vi Z) V7|, respectively.

Let {ri,ra, .. .orm = {1.2,. ... m,....om+np~{ih+1Lix+1,. .. in, + 1} where ry < rg < -+ <rp,. Let
1 2 -« m m+l m+2 -~ m+n
o= H
reore o Ty Ll el o dp 4l

and let P be the permutation matrix corresponding to o. Then

(211) mXm (le)m ®n

(?“)uxm (?ZZ)JLx:j (m—n}x (m+n)

m+n

PVmanZVpl Pl = {

where
(?12) mxn Orxn
and
Wi Wi e e wi 0 £ 0 - 0
Wor We2 -mr ot Wop 0 n 41
(Za2) = | 1 ¢ = o
0 - .- 0 =1
Wt Wp2 o0t W +1 0 .- .- 0

TLXTL
where the sign of w()(z11) corresponds to the sign of the slope of the graph y = /(x) at x = v for 1 <k < — 1, and the
sign of w,, corresponds to the sign of the slope of the graph y = f (z) at = = v,,.

Next, we consider (Z ‘)mxm. First, notice that the (7, j)-th entry (where 1 < i, j < m) of V};, 4 is given by the number of
intersection points of any horizontal line y = y, where j — 1 < yy < j and the graph y = f (x) on [i — 1,m]. Similarly, the
(r;, 7;)-th entry of Vi, ,, 7 is also given by the number of intersection points of any horizontal line y = y, where j —1 <y < j
and the graph y = f () on [i — 1,im]. Therefore, the (i. j)-th entry of V,, 4 is the same as the (r;, r;)-th entry of V,,,,,, Z.

Furthermore, if ;. is not directly after r;, then the (r;,r;)-th entry, the (r;.; + 1)-th entry, the (r;,r; 4 2)-th entry,
..., the {ry, r; 41 — 1)-th entry of V,,, 1, Z are all the same,

Thus, by Lemma 3.1.{iv), the (¢, j)-th entry of (V;,,A) V,;! is the same as the (r;,r;)-th entry of (V,,,,Z)V,;',. In
other words, (Vi (%) an_[n, when excluding the (i; + 1)-th, (iy 4+ 1)-th, ..., (i, + 1)-th, rows and columns, is the same as
(Vi A) V!, Therefore,

(Z11) o = VoAV

96



Y. Takenouchi / Contrib. Math. 11 (2025) 8-13 13

Consequently, we obtain
Chy (A) = det (AL, — Z)

= det (Mympn — PV 2V L, P 1)

M+t
ALy = Vo AV Oruxcn
- (Zm )n,x " }\Iﬂ' - (ZQQ)"X"’? (mA+n)x(m+n)

= dot (A, — VAV, L) dlot (M" - (7;.2)“”)

= Cha(X) (A" £1)

where the sign of £1 depends on the sign of the n-cycle. Specifically, if the sign of the n-cyele is given as (71)1 (+1)’H for
some () <[ < p, where [ is the number of negative slopes, then

_ 12 - n-1mn f et
det ()\I,! = (Zgg)nxn) =sgn () A" +sgn R Lo (+1) (-1

=24+ (7l)nfl (+1)Z (71)1172
— A" +(71)[+\ .

Here, (71)1 e ) (respectively —1), if and only if [ is odd (respectively, even), which corresponds to the sign of the n-cycle:
{=1)' (+1)"" being negative (respectively, positive).
This completes the proof of Proposition 2.2. O

6. Canonical form of the 0-1 matrix induced by the Markov map
By combining Proposition 2.1 and Proposition 2.2, we obtain the following result:

Proposition 6.1. Suppose that U consists of ny points converging to T, and the remaining n — ng in U consist of n; of
(—)-signed l;-cyeles (i = 1,..., ), and n; of (+)-signed l;-cyeles (i = j +1,... k), where

k
i + E nil; = n.
i1

Then,
k X
Chy (A) = Cha (A) A™ f‘[ (M+D™ T1 (-1

i=1 i=j+1

Remark 6.1. Conversely, consider a 0-1 matrix Z of size { induced by a Markov map f with 5 = {0,1,2,...,£}. Starting with
Z, we decompuose S into T and U. Naturally, T is chosen to include both endpoints 0 and £ of the interval I = [0,{], as well
as every point where the slope of | is undefined, ensuring f(T) C T. The remaining points form U = S ~ T. If necessary,
U is further decomposed into subsets Uy, Uy, Us, ... by analyzing the dynamics of f on U. Through this decomposition of
Sinto T, Uy, Uy, U, . .., a proper permutation o and its corresponding permutation matrix I’ are obtained. With these, we
construct PL’};ZVT'P‘Q While Z and 1"14’}Z‘V£.’1P_l are similar matrices, the latter provides a far richer representation of
the dynamics of f on S. In this sense, PViZ V[]P’l, as introduced abave, can be regarded as a “canonical form” of the 0-1

matrix associated with the given Markov map f and the set S.
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BFERIGERT S LC, 20254F1 H 14 B (CKMEH) 15 H OKMEH) 1I2b, 7V —RA 7 —
TR T A XE—22R ] O/ 40568 3 £T, BEE 30 AER5IT, 2024—25 FJE
DI T ARFHZEE TR O Math Day O A R A —H—Th o= HHDOHEFERED
BOFRHGRIR T KIS, 7T ARZFPOFLESLCEIMO B AN FEROEFEICHTE L TL 72
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2024 FFHE, BEHCRMIZ2OMZEIC S . BAEM PR IS ORI A E LT,

WFFIEEI ORI & LT, BT, BKIL#ESRZ & 0 E [Treks into Intuitive Geometry, 2nd
edition] 2L 5 RS, £72, FKILFEHZ, Stefan Langerman #d% & 38 THEE L7
73 Unveil the Secret Hidden in the Haberdasher’ s Puzzle] 738955 Lecture Notes
in Computer Science 14364, Springer |[ZH#H S D Z ENRELE LTz, Z O OMEE
ZUUTICRLET

Abstract A reversible transformation (reversibility) is defined as a generalization of
the hinged-transformation between a square and an equilateral triangle in the famous
Haberdasher’s puzzle by Henry E. Dudeney. In the article, we trace various
achievements relating to the research on reversibility. The hidden relations between
reversibility and other topics such as tile-makers, appropriate superimposition of two

tilings, foldability for Conway tiles are unveiled.
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8-3. k+/E—)INbravI«4FXal—Pay ——BROLE—

FAMZER HR

9
£
‘_H

\m]n

k+lE—I)brrary4Fal—ay
— I >k+1DBEONRELE —

St

HEWSE

H

RS e

0.1 FL®IC

KAENFO—DFICEY FSNAYTaFal—23Y MU Fee. 2F3) WIS 300H 5, WL
OPDRAEDZEERDE LN, AVDOEHOLZ 2 EZTICZAZTLOER 2T 5 bD%
Wi, MAOEE S, (IEE) x (H&E) = WKICE ) w5 M ARG S0 5105
ChEZa—brOBFHARR LR, HEWVWI XIS, nAREICBI1T 2 =2 — b oESHERIC
qt) =c+d(t)(a—c) EVIHZERALTEHET 2 L. ¢(t) KT 2MI7ERL q BT 21K
¥R rh s, ce ld. ZORBGTERE[H > TREDEEIZOWTEZ TV METH 3,
c.c. DRFI{IZ, A1 5—D 3EKERRR (1767) L ST S aDIEZATMR (1772) 17, =2 —
by DEF SRR R T 3 OOKRELER HICHREZ 2244 5— (1707-1783) HRL. 7
77 Y a2 (1736-1813) I ZAUCMA CEENT 2 3 RIEIWCIE=ABEAES e R LT, &Iz
DIE=MAERZISH L THAR SN0 F a YR L IN 2/ NRIKDO—HTH %, K. KE. tn
YHOE=AFER L. TWeRo TN hOEER ZHITITWVWE, ZOH%, 1910 FIZIFE—
LY (1872-1952) H3A A T —d 3RIC X 2 EMRREILER L. n FERBOTFEE R LT,
E-AMUHPEEHLEZ 2L, n REREEZE—I >V ToFa2L—23 > (Moulton
configuration, AR, M.c. £ 32%) & HIR, FHE LI Z OREOFEIGEHS L/ps, EHRTIX
IR n ABDRIENERRE EICHAZ L LTHHITHhREFHTZOEBEIZFRET 2 2 dbhro T3S,
M.c. 352 6Nz n KOKEDZENZNDE R L ZH O MRNEFITH L TZh2hOfiE %K
HLMETHDH, —75 T Alain Albouy & Richard Moeckel 135 2 41172 n fKOAIE IR L TEFNRZE
NOEEDHRE B Z 2 ERAHALZ (2000)%, ZhoOMEEZITTERZ. HRMEOMWS %2R
BB LTk+1 E=)IbyaAYTaoF¥al—oay WUTF, k+I-Mc. 53) 227,
Thbb, YDk EOREL Mc. £7223 X5 WCEMRECEBIN TV 2T 5, ZZIilo
LEADKREZMZ 5, D& IIZH 2 EMILEICHZEREZMANE, REDNT 22 HEOTD
WKHIDD k EDOREDPERCBET 20, H5VIENT VAL TZOREIFHEST 2 Z 21
BTE2, D GAbNEROEEL ZOEEFZEER D IR IEREMRA S Z EHT

LHEEE AR 2 b q(t) 2R ¢ T2 H#MD T2 e TRz 20, MahEicks,

2 IFRDED. o(t) 1F ¢ 1T K2 FBHEREE. q FERZ PLELRT,

SEEIL AR TEAMS NIV b YRR R KAM Bz gy (2016) 4 = 2 krEsEoz e
4Albouy, A., Moeckel, R.: The Inverse Problem For Collinear Central Configurations, Celestial Mechanics and

Dynamical Astronomy 77, 77-91 (2000)
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ERWEA DDy THDEENRTRERWTH S, ZOE, ZORWIIRLT, —RFEOETERT
FBE L2707z, ARETIE. ZOREGR, HEIET2ERIIOVWTHARNSE Z 2T 5,

enter of Aq,..., Ax

o G—0— - - - - --- O o

A1 Bi A v Ak B
center of Ay,...,Ax,B1,...,B

o

1: k 4 [ Moulton configuration

AR 18Tk + -Mc OEFRE ZIhoBoNb0 (EH 1, EM2) Z/RL, H2HT
F k+1-Mc OFBEXZERICOVWTE ZRD5H, EDO LS RBETEBPFELF L0 Z2H > TW»
o BEZHMNILBROVPIZICDHATOVEIEZ T 2 XS BRNEIC Lz, HIBETHEBEL T
L3R OoND e THS 5, LDFHMARNEZRD 2071d, #iF [Positive Mass of
k + I-Moulton Configuration)®%Z#EI1Z L TWE &2,

1 k+1FE=JILb2OaAVTaFXal—a3>e®0RER

1.1 k+1E=)Lb>aAYTasFalL—->3y

k+1-M.c. O—BEZ. | DRXXIWZEoT 3D FBIeNTES, —2HIZI D kLU TOHEA.
TOHWRIDPE+1EHELWEAS E0HIEB IR E+1 EDREVEETH B, DFED, I=k+1H
B D 2 RIBDFEFIR § 2 %, UTOEMIZ, RFED 2023 FEUCHEEH L /72d D120, BT
ZZITERT,

T 1 D52 67 kRO M.c. 1ox LT,

D) I<k+10EHs, BBEOOR. O DR SNE KL TOERNE TS BT I
£ L.
(i) k ETRYI BN ZNZNOREICHZ 5N 2503, BAT—KTHD.
(i) ME N7 | KOMBIEZNZA—EITRE D, 20—20L2%FD D DL B,
k4 1-M.c 32T (k+ Dk(k—1)--- (k+2—1) @Y B3,

() I =k+1DHE BREOOROIENICEREDR. 2% DM SN | AOERSETIET
B BIRDTFLEL
(i) ZOREIR. FIDICELBNE kKL %P M | APZEIEAE DDA TH D,
(ii) MR BNz I ROZERZNOMED—EITIRE D,
(i) ZHZNDHEEIF T X —& ¢t > 01ZHpIF 2

5Yoshimi, N.: Positive Mass of k + l-Moulton Configuration. Celestial Mechanics and Dynamical Astronomy,
(2024)136:27
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(II) BERELXEORICBVTIMR 5N RIKORAEIE, k+1TdHh2,

ZITED MEEYnr] LIFEEN2LARVEVLS 2 TR, BRLEFIZTHELIZZIRNLS
WNEWEE S 27, Al KRG ERTHEROEEIX 30 /157D 1 TH D, HIEROBEEI KRG
DEENCE X BRIV, ZDXIRGE. FOREKOEEZYu 2 LTS, WEED.
HESEoThiUE, EEHERR Y DFHESRICRE WS XYy 3D B, EBE RCHIT=
REMMR L IE=AERE 3 R0 55 1RO ERE Y 0 L& X TR SN2,
BEAYOTHING, EREOFKE LK Mc I2B L Z 2 BT 20Tk 2 AET 255,

~ 4 YANVRD Vi.C. B

FIZZFOBIZ FRDDH %, FIDICEZ 5N-ERED LRI ko TR SN 3 KENZ, £ET E+1
72 BA Rz v icERFROXBICE T2 EEXY0ORIKX, 7277118 THb, ks, BEY

(= ¥7)) \ﬁgl_l44~—h I'H&h/\w\\» FNZHEINATREZLZ By P53 b 1 syl Z2 M ] ST

1R L7354 D N ANVNCOHUIMBZOD AT U CEERPIES DU D/Ce LUIZHFS L, &
BEYOORAERLETZMA 256, ZORKEZE+1TH2,

e ERNT B I B Hrr > METELII T )= Fa 2 > L )3 Fa) M ‘73:._2. 1 ek Am ET S v B4

TAL Ul /JIJ/\_G)/\I/J—\ EE‘/J‘J_EW_/&\@&_C.H\/&\V‘VJ/ =59 ‘o L—K-I—lVJ”ﬁIZI/J’I’:EI\.if‘FF\

Y. MABREDEEDNRT X —RIWHIT 2, RTXA—ZBERRLMZ 2 REOERS L rIZk
52 EERDZETEH, RIX=EPIEDEZI 572 LTHMA 2 RIEDOETOHEREN IR S
PEIDIFHRE LIgwv, 7205, RTOXMBIZ—KTOMR S Z L Z2ELTRD LN LHOFFS%
FARD e, ENHIEWCRD ZDHLDICR o7z, DE D, k+ 1 DREEZETOXBEIZ—{KS 20N
ABLE, VIDTEDOEENELRD I EDHFIN5,

ZFLTZOE, UROEHTRT I, HRIRk+1 XY KEWIEEDEDH S 2o 7,

TR 2 FOLGEZHELEETORBICHLTE+Ll E—A b rary 74X alL—a vOEITFE
E5 %,

(i) FIDOD k KI2 & > TRYIS N 2R ZADRENCA R £ b—DOEOHREE b OFKENMEZ 5

(i) HHXENCKEZEEINZ 2 L 2, ZDOI 5DV DOHrDOHEENERTH S Z LEFSh
205, HEYouOXRERLLEED & o TEWiT R

(i) % & h2FEOMEZ. THENHET 3 KHOFTHRE 3

WET 22, (1) 1%. ODICEZLNE EHEORKIC X > TR SN: k+1 OREDLETIKEOE R
ERioRERBLIDEDND S L 0D 22, RICKEEZMAZVREA—DTH DU, [ KETD
RSB0, 1RO S B0 b ehbp—2o0EENAIKR->TLE S, Z4ud k+I1-M.c.
DHFMFIIKTHDT, TOXIBRGEIHRL LR,

(i) &, (1) 272 L L CERE OO REE X512 Z AN TESH, TTRBRELS I
BEYOD2EKEHDED X5 RKEVTREVWIRNIERLTWS,

1.2 k+1-E=JLb>aAYTa4F¥alL—>a > 0RER

KRN ELFL S ZERT o VIDITHEZONIRED—DUV D% Ay, Ay, -+, Ay TERL, ZTh%
—HEDICLTREAL TS, — 71, BOOMASKRIEZ By,Bs,--- ,By THRL, TOHEEZB LT 2,
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Eow ENENOREDNEE ¢, ,qays 1 Qays 5,1 0sys " 105, COERE M, my - ym,
My My e my TR BlZIE g, LENE &I R MU (g, 104, »04,) BRT (q,,
m,, m, IZOVWTHFATL), BERELTE HiZq, <q,, < - <gq, PEYILS (q, iZOVT
HHEL). FAEADTTOHERIIENDIEDBETH 20, £REBOITLOERZII YN DIEFAE, DFDH ¥
ol k35, ¥/ HEHKIGUTE+IKEZ A4, (1<i<k)® B; (1<j<l) oXjlz2F 312k
PHELESER-> T, ZOMEBEREEL q = (q1,q02,  ,qkr), m = (my,ma, -+ ,mpyy) ERT
ZebHd, IMHEMoT, k+I-Mc OEFEZLATICHENZ,

E# 1 (k + [-Moulton configuration) k + [-M.c. 2%, M.c. L5 k ADEE AWK L TH I
ROEREBZMATL &, UTORGZIHLTHDEV,

(i) gt md Mc. THD, ZOLED (m,,q,) PEE BEZMRASHTEFELW,

(i) 88 A DEHPEE B 2R SHTOHEH & 2 ED SR,

M.c. DEENI, ROBELL ZOMFECTRE S, koT. Lo (ii) & A BEZMATRORD
BLLARENEE ALTOROZALFRILTHE 2 2RDTVS,

COEFRII Lo T, ADjtt B Otz Fl—EM EICHARZZRD M.c. DHBERZESHRZT
W ELTRD XS BAEANEON S, ARETE. THEME 28 TEk+I-Mc. HEHEEFET 20
hrEBEET LS,

HleB + H2LmA + /\LCIB =0, (1)
Hgth =0. (2)
Hi, Ho, H3 I3WITNDITINTD %, Hy X 11T 1F. Ho WX 14T kF). Ha W& kAT 15172, Hy &30

FMTHIP, Hy & H3 &, Hy = —"Hy WO BRTH 2, DX DIREL T —1 2017 5 L HFDI75
L%, ARORKOELEX. ZOABERZMT (m,,q,) OMRADPEET 20 50 ThH b,

1.3 175 H; L BETTH
Z T (2) ROFTHI Hs L EE 2 O CRE L 1 3RBFINICOVWTRRS, ZIhbiE, 5

H OMfE R MY % 72 DI BRG] E VT Ha I20W0W TR %,

BI1 DT 3 A= [Ar, Ao, Ay} BEZ BN TWT, 22126 1KB = (B, Be} DX
WCHiRD Z 8 BIRET %,
B1, Ay, By, Bs, By, A, Bs, As, Bg.

ZDY ZMENRT ML gl

((h»CI27(I37(I47(I57(167Q77(IS7619) = (qu7qA1aq527q337qB47qA27qBSan37qBG)' (3)

SEHE L 3MAHEERER % F 2 £ EOREROEX %, HARHOEERA TR L DE NS

"Moulton, F. R.: The Straight Line Solutions of the Problem of N Bodies. Annals of Mathematics 2(12), 1-17
(1910), The Inverse Problem For Collinear Central Configurations (Fi6&) 22RO Z &

SHRERDFHIICOWTIZ, AFED 2023 FFEREBHDOZ &

SBMFMTII 2 &, Hy = —tH; TE 2 EATIE VS, MARSDBETERT, IEF»OMIMNELT hij = —hj; TH3
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H3 i3 RO X3 ATHIDHEC ¢, 205 g, 2. BUZ g, 5 g, ZIACHENRT, HEBEPZET

BIROBAD (0, —1,,) 7> LB ESBIFITH 2, B1OBAEE

05, 05, Up, U5, U5, Uz,
o, | (0, =95,)77 (@h, = 05,) 70 (4n, —45,)7° (00, =06,)77 (@4, —05,)7" (44, —45,)7°
Qay | (Qay = 45,)7% (Qa, —45,)77 (Qa, —45,)77 (Qa, —45,)77 (04, —45,)77 (4, —45,) 7>
Qay | (Qay = 45,) 77 (Qay = 45,)77 (Qay —5,) 77 (Qay —45,)77 (Qay —45,)7 7 (04, —45,) 7>
Ziuz 3) kAT %L
q1 q3 q4 qs qr q9
@ | (@-a)7 (©@-6)"7 (@-w7 (©@-6)"7 (@-a)7 (-9

2 2 2

(g6 —a5)™% (g6 —q7)™

Qay | (@6 — 1) (g6 — a3)7% (g6 —qa)”

(g6 — q0)~
Qo | (s —@1)™% (gs—3)™% (8—aqa) (8—a5)"% (gs—q7)"% (gs—qo)?

2

Zfatéo :ﬂ%ck D%iﬁﬁ%ﬂb:?éﬁ’_@&: hij = (q,- qu)_z Zy%éb%)i)\ %) 5#13514‘(1 > ] D
i’%/lfl\bi *hji rRIZL 1235 %, Bl 21 E (Q2 — Q4)_2 = hoy 2P, (QQ — ql)_2 = ho1 = —his A

b, o T, EDOERMNS,

—hi2  hes  hoy  has  hor  hag
H3 = | —hig —hss —has —hss her  heo
—hig —hss —hsg —hsg —hrg hgg

ERBITE S, ZOTHIH3 WL TUTDZ edibh 5,

21 ETFORTOFESHRIC THIUR, EDOHIT LD FORDDIES HKREW,

BIZE, —1THD —hia & —hie ZHRDZ 2. TORDIEH 722 —hig DTIHIREWV, EHIT —hig &
—his ZHNRD &, ORI DHT22 —hig DIBREV, £z, BREOITRETIEDORIEA, &

%@j(%é Gi\ h29 < hgg < hgg 750

RIZH; DEIHSZDIT Y+ ¥ ZA%HD U eAF o 7BEETH d,= (dij) (1 <4,j <n) ZTF

DEIITEFET S,
T 2 UTOLMGZ 2 THI-3 n RIEFITHIZEETY & SR,
(a) i < j THIUI. dij IFIEDK

(c) MARDYDS B, KL r (0<r<n) FEDETRIHEDK, r+1HFDH L n HFDETRIE

DI
(d) E RO OFEDRFRLTHIUR, EOET & D RO DIES BAE

FLEITHOTHIFICB LT ROGEDK D LD,

Oty ik, EAITAIOE LD SE FETOMMAREDKS, 2FD di (1 <i<n) TRIILBTEIRDEND
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R 1 BETYOXARS DEDEDFTHTHIUL, FDITHRZADETH D, HiEETcHN
XZF DfTH T IEDHEIC 5,

ZOamEDEE, MBOBRTEE T 20, THRBEETYAE T2 HOZ L 2ERT %,

D) A =5 BH B
& HE A=

I HIERERMCHERZBNTVL,, BIRLAEEH 1O (I IRLEEBD, I=k+1 0%
AL FIDIZEZ N RIETRY SN2 B XENC—DFT O ZITMA A EDAD, k+[-M.c. DfF
Wb, TREHREEL LT, [ >k+1 DERICEARBPEET 2001 52ERT 3,

2.1 HEI3XMICEBROXREEZBEWIZES

FIHDIC, k+1 DXBDO—2I2 2 A EOKRKZEE, 130D k ORI —KTOENIHEEE
RB. AHhDRTEDLDIT, fllZ2EoT (2) AEHERICOVWTHENTVL, (2) A&, Zoflo
HBAaTHEERNT L

—hi2 haz  has  has  har  hog

t my
H3'm, = | —hig —hss —has —hse her  heo =0.
ms
—hig  —hsg —hag —hsg —hrs hgg
my
mo

3x 6175% 3 x 3 DIESFITHNCT 272012, ThEFDEIIICESHET,

—hi2  har  hog my hos  hos  hos m3
—hig  her  heo my | + | —hse —hae —hse my | =0. (4)
—hig  —hrs  hgo my —hsg  —hag —hsg ms

ZIZTRA Y PERDZDD, —DOXENIZ—DFT DEWT By, Bs, Bs DEREZ T my, my,mg 5
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