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The most important thing we know about the set w of all natural numbers is that
it is the unique successor set that is a subset of every successor set. To say that w is a
successor set means that
(I) Oecew
(where, of course, 0 = (), and that
(I)  ifn €w, thenn® ew
(where n™ = nU{n}). The minimality property of w can be expressed by saying that if a
subset S of w is a successor set, then S = w. Alternatively, and in more primitive terms,
(IIT)  if SCw,if0€ S, and if n™ € S whenever n € S, then S = w.
Property (III) is known as the principle of mathematical induction. We shall now
add to this list of properties of w two others:
(IV)  n* #£0 for all n in w,
and

(V)  if n and m are in w, and if n* = m™, then n = m.
[FHl]

The assertions (I)-(V) are known as the Peano axioms; they used to be considered
as the fountainhead of all mathematical knowledge. From them (together with the set-
theoretic principles we have already met) it is possible to define integers, rational numbers,
real numbers, and complex numbers, and to derive their usual arithmetic and analytic
properties. Such a program is not within the scope of this book; the interested reader
should have no difficulty in locating and studying it elsewhere.

Induction is often used not only to prove things but also to define things. Suppose,
to be specific, that f is a function from a set X into the same set X, and suppose that
a is an element of X. It seems natural to try to define an infinite sequence {u(n)} of
elements of X (that is, a function u from w to X) in some such way as this: write u(0) = a,
u(1) = f(u(0)), u(2) = f(u(1)), and so on. If the would-be definer were pressed to explain
the “and so on,” he might lean on induction. What it all means, he might say, is that we
define u(0) as a, and then, inductively, we define u(n™) as f(u(n)) for every n. This may
sound plausible, but, as justification for an existential assertion, it is insufficient. The
principle of mathematical induction does indeed prove, easily, that there can be at most
one function satisfying all the stated conditions, but it does not establish the existence of
such a function. What is needed is the following result.

Recursion theorem. If a is an element of a set X, and if f is a function from X
into X, then there exists a function u from w into X such that «(0) = a and such that

u(n®) = f(u(n)) for all n in w.

Hi#l © (Paul R. Halmos (1974), Naive Set Theory, Springer)
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Developing a better understanding of the measurement process and ; measurement
uncertainty is one of the main goals of university physics laboratory courses. This study
investigated the influence of graphical representation of data on student understanding and
interpreting of measurement results. A sample of 101 undergraduate students from the
Department of Physics, University of A were tested with a paper-and-pencil test consisting of
eight multiple-choice test items about measurement uncertainties. One version of the test
items included graphical representations of the measurement data. About half of the students
solved that version of the test while the remaining students solved the same test without
graphical representations. The results have shown that the students who had the graphical
representation of data scored higher than their colleagues without graphical representation.
In the second part of the study, measurements of eye movements were carried out on a sample
of thirty undergraduate students from the Department of Physics, University of A while
students were solving the same test on a computer screen. The results revealed that students
who had the graphical representation of data spent considerably less time viewing the
numerical data than the other group of students. These results indicate that graphical
representation may be beneficial for data processing and data comparison. Graphical
representation helps with visualization of data and therefore reduces the cognitive load on
students while performing measurement data analysis, so students should be encouraged to

use it.
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2a. Swudents obtained the following measurement results for the diameter d which the ball left in the sand:
d/mm 23 18 26 23 20

What can students conclude about the value of the measured quantity d?

a) The measured quantity is 22 mm.

b) The measured quantity is 23 mm.

¢) The measured quantity is somewhere between 18 and 23 mm.

d) The measured quantity is somewhere between 18 and 26 mm.

2b. Explanation:
a) This number is obtained if all measurements are summed and divided by 5.

b) Measurement 26 mm deviate from the mean value, so it should be ignored.

¢) This number appeared twice in the measurements, whereas the others appeared only once.
d) We can never know the true value of the measured quantity.

¢) Other explanation:
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It seems like some sort of nasty joke: the cheapest, most reliable way to extract and purify gold
turns out to use massive amounts of poisonous cyanide. Scottish chemist John Stewart MacArthur
developed the method in 1887 in Glasgow, building on the much order discovery by Swedish chemist
Carl Wilhelm Scheele that gold, well known to be unreactive, in fact dissolves in cyanide solutions.
MacArthur partnered with two Glasgow doctors, Dr. Robert Forrest and Dr. William Forrest, and
pioneered a way for lower-grade ore to be stripped of its gold in a manner that have been impossible
before. The MacArthur-Forrest process swept through the gold-mining world, and it is still in use today.

Some care has to be taken along the way, though. Ground-up ore is first slurried with cyanide in
water, but the mixture has to be kept basic (at a high pH)to ( a ) . With that potential hazard

addressed, 1 as long as there is oxygen present (usually provide by bubbling air through the mixture),

a soluble gold-cyanide complex can form, which is then absorbed on to activated carbon for later

recovery.

Regardless, a huge amount of cyanide-laced water is left at the end of the process, enough to kill
off everything in this pass were it to be released untreated. Various oxidation reactions are used to turn
into a differention, ( b ) , which is much less toxic, and water thus treated is stored in holding
ponds for residual decontamination. Despite these precautions, there have been numerous spectacular
(and spectacularly awful) spills when containment walls have been breached. Although cyanide is
cleaned from the immediate environment relatively quickly (partly by microorganisms using it for
food, if it’s not too concentrated), it can leave a trail of destruction before it’s gone.

These problems 2( )( )(_ D)the( )( Hthe( )( )insome( ), butthe demand

for gold remains high and the majority of gold extracted each year — for jewelry, investments, and

electronic connectors — still reaches the world this way.
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A diverse microbial world of (,bacteria, fungi, and protozoa had been widely accepted by the

last half of the 19" century. An early proponent of the germ theory of disease was the noted

German anatomist Jacob Henle of Géttingen (the discoverer of Henle’s loop and the

grandfather of 20™ century virologist Werner Henle). ,)He hypothesized in 1840 that specific

diseases were caused by infectious agents that were too small to be observed with the light

microscope. However, he had no evidence for such entities, and consequently his ideas were

not generally accepted. It would take the work of Louis Pasteur and Henle’s student, ()Robert

Koch, before it became evident that microbes could cause diseases.
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